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Abstract 
Fluidized beds as well as pneumatic conveying are of high relevance to many processes in chemical engineering and energy 
technology. A possible framework to describe these systems is to use a combined Computational Fluid Dynamics (CFD) - Dis-
crete Element Method (DEM) approach. All particles in the system are addressed by solving the Newtonian and Eulerian equa-
tions of motion. The fluid flow is resolved through the Navier-Stokes equations using the finite-volume method. In recent years, 
simulations focused mainly on spherical particles, although real bulk solids consist of complex shaped particles. For these parti-
cles, contrary to spheres, an important factor that plays a fundamental role in describing their principal behavior is the orientation 
which can be accurately expressed by a number of rotation parameters. So far only few CFD-DEM studies have been performed 
in order to investigate particle-fluid systems of complex shaped particles. Especially mixing is not well understood for non-
spherical particles in the context of a CFD-DEM coupling.  
We performed CFD-DEM simulations of a model type fluidized bed as well as of a pipe bend being part of a pneumatic convey-
ing system in order to investigate the influence of particle shape on mixing. Results indicate that mixing is strongly influenced. 
Hence, the coupled CFD-DEM framework using complex shaped particles captures the system behavior more detailed than by 
using spheres and gives a better understanding of mixing phenomena. 
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1. Introduction 
Many investigations have addressed spherical particles in the context of the CFD-DEM-methodology [1–8]; so 
far only few particle/gas-systems were studied involving complex shaped bodies. The fluid/particle interaction of 
monodisperse particles in a fluidized bed was addressed by Zhong et al. [9] for cylindrical particles approximated by 
clustered spheres. Generally obtained flow features in the simulations matched those in corresponding experiments. 
As fluid/particle forces only drag forces derived from the model of Tran Cong et al. [10] were taken into account. 
Hilton et al. [11] analyzed systems of fluidized monodisperse superellipsoids within a CFD-DEM-framework. As 
drag force model, the approach of Hölzer and Sommerfeld [12] was coupled with a model for the representation of 
the void fraction by Di Felice [13]. Hilton et al. [11] were able to show that the pressure drop during the onset of 
fluidization calculated from the sphericity corrected Ergun equation [14] significantly differed from results where 
the drag force of particles was based on the cross sectional area of individual particles. In a further study Hilton and 
Cleary [15] investigated the pneumatic transport of monodisperse superellipsoids. In addition to the drag force, rota-
tional drag and, Magnus and Saffman lift forces were considered based on models available for spherical particles 
[16]. The investigation revealed different flow modes and the dependencies for their transition. Hilton and Cleary 
also investigated raceway formation resulting from gas injected into a particle bed consisting of complex shaped 
objects [17]. A similar model framework to that of Hilton et al. [11] was applied by Zhou et al. [18] to investigate 
the behavior of prolate and oblate ellipsoids in a fluidized bed. A CFD-DEM-framework for modeling corn shaped 
particles represented by clustered spheres was proposed recently [19] and applied to a spouted bed and validated 
against experiments. In a further study it was successfully applied to mixing of non-spherical particles for the first 
time [20]. Simulation conditions and their influence on the mixing in fluidized beds of complex shaped particles 
were thoroughly addressed by Oschmann et al. [21]. 
Although mixing was widely investigated for fluidized beds [1,2,8] and in some cases for pneumatic conveying 
[22] involving spherical particles for a wide range of operational parameters within the CFD-DEM-method, it is 
considered for particle/gas systems with particles of complex shape only in singular cases. Even coupled modeling 
frameworks involving non-spherical shapes not focusing on mixing were applied only in few studies. The general 
applicability and sensitivity of these frameworks still has to be tested. To extend the knowledge on these important 
aspects of fluidized systems the current study is performed focusing on the mixing of volume equivalent particles in 
fluidized beds as well as pneumatic conveying.  
2. Methodology 
In the coupled CFD-DEM-method the particle motion is represented within a DEM-framework, while the fluid 
phase is represented by solving the volume averaged Navier-Stokes equations [16]. In the discrete element method 
the translational and rotational motion is obtained by integrating Newton’s and Euler’s equations for each particle 
given in general form for arbitrarily shaped particles by 
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with particle mass ݉௜ , particle acceleration 22 dtxd i& , contact force ciF
&
, particle/fluid force pfiF
&
, gravitational 
force gmi
&
, angular acceleration dtWd i
&
, angular velocity iW
&
, external moment resulting from contact or parti-
cle/fluid forces iM
&
, the inertia tensor along the principal axis iIˆ  and the rotation matrix converting a vector from 
the inertial into the body fixed frame 1i/ . The equations for translational and rotational motion are solved by explic-
it integration schemes [23]. A flexible approach to model complex shaped particles in the discrete element method is 
the multi-sphere or polyhedron method. In the multi-sphere method arbitrary sized spheres are clustered to resemble 
the desired complex particle shape [24]. In the polyhedron method a triangular surface mesh is applied to represent 
the desired particle shape and a common plane algorithm is used for contact detection of the individual vertexes 
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representing the particle surface [25]. In both methods contact force laws are applied similarly as used for spherical 
particles [26,27]. The normal component of the contact forces is obtained from a linear spring damper model  
 
 n
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where nk  is the spring stiffness, δ  the virtual overlap, n&  a normal vector, nγ  a damping coefficient and nrelv&  the 
normal velocity in the contact point. Both nk  and nγ  determine the coefficient of normal restitution between parti-
cles nPPe  as well as particles and walls 
n
PWe . For the calculation of the tangential forces a linear spring limited by the 
Coulomb condition is used  
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where tk  is the stiffness of a linear spring, Cμ  is the friction coefficient, tξ
&
 is the relative tangential displacement 
and t
&
 is the tangential unit vector. Rotational friction is neglected in the investigation here. 
The fluid phase is described with Computational Fluid Dynamics (CFD) in an Eulerian framework, in which the 
interior of the fluidized bed is meshed with equal cells. The fluid velocity is addressed as a spatially averaged quan-
tity per cell. The CFD-framework passes the fluid properties and the velocity vector of the fluid to the discrete ele-
ment method. The equation of continuity (5) and the equation of momentum (6) are solved 
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where u& , Fρ  and p are the fluid velocity, density and pressure. f int
&
is the volumetric particle/fluid interaction applied 
in each CFD cell, Fε  is the local fluid porosity and τ  is the fluid viscous stress tensor ])()[(τ 1 ffe uuμ &&  with 
eμ  the effective viscosity determined from the standard k-ε turbulent model. The particle/fluid interaction f int
&
 is 
given component wise as ௜݂௡௧೔ ൌ ߚҧ௜ሺݑ௜ െ ݒҧ௜ሻ, where ݒపഥ  is the fluid cell averaged particle velocity and ߚҧ௜ is the fluid 
cell averaged particle/fluid drag coefficient with i=x, y, z.  
The particle/fluid force pfiF
&
 consists of all individual particle/fluid forces such as drag force diF
&
, pressure gradi-
ent force piF
&  and forces due to fluid shear stress or the deviatoric stress tensor τiF 
&
 acting on a particle i written as  
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Under the assumption of parallel flow the rotational motion of particles as well as the particle/fluid stress term 
can be neglected leading to 0 τiF
&
. The drag force diF
&
 and the pressure gradient force ܨറ௜׏௣ ൌ ߚറ௜ሺݑሬԦி െ ݒԦ௜ሻȀߝி can 
be combined to ))ε(1)/(εv-u(VβFF FFiFiipidi    &&
&&&
 after some transformation, where Vi is the particle volume. For 
the calculation of the drag force diF
&
 and the combined drag and pressure gradient force pi
d
i FF
 &&  various models are 
available. Very popular and widely used for spherical particles and also applicable for non-spherical particles is the 
approach by Di Felice [13], where the force for an isolated spherical particle is calculated and altered by the influ-
ence of surrounding particles. The respective force reads 
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where ܥ஽ is the drag coefficient, ܣୄ is the cross-sectional area perpendicular to the flow and ߯ a correction factor. 
Equation (8) can be rewritten in terms of the particle/fluid drag coefficient as 
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where Vi is the particle volume. ߯  is calculated as a function of the particle Reynolds-number 
ܴ݁ ൌ ߝிߩி݀௉ȁݑሬԦி െ ݒԦ௜ȁ ߤிΤ  as 
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with ݀௉ the diameter of a volume equivalent spherical particle and ߤி the fluid viscosity.  
The drag coefficient ܥ஽ of a single particle (spherical or non-spherical) can be derived from correlations such as 
Hölzer und Sommerfeld [12] which can be written as  
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where ߶ୄ is the crosswise sphericity which is the ratio between the cross-sectional area of the volume equivalent 
sphere and the projected cross-sectional area of the considered particle perpendicular to the flow. The sphericity ߶ is 
the ratio between the surface area of the volume equivalent sphere and the surface area of the considered particle. 
For spherical particles the cross-sectional area ܣୄ perpendicular to the flow required for equations (8 and 9) or 
the crosswise sphericity ߶ୄ needed for equation (11) can be readily calculated. For clustered overlapping spherical 
particles or polyhedra which are used to represent the complex shaped particles in the investigation here iterative 
procedures are applicable. Due to computational reasons the cross-sectional area ܣୄ of each particle is calculated in 
advance and is tabulated in dependence on three symmetric Euler parameters and the sign of the fourth parameter.  
The porosity is calculated each time step. Based on a subgrid and its subgrid cell centers it is checked if a particu-
lar center lies within part of a particle. If this is the case the respective subcell is considered as fully filled with solid. 
Based on the ratio of the overall CFD-cell volume VCFD minus the solid volume Vsol of the respective subcells to the 
overall CFD-cell volume the fluid porosity is calculated as ߝி ൌ ሺ ஼ܸி஽ െ ௦ܸ௢௟ሻ ஼ܸி஽Τ . 
3. Simulation setups and simulation parameters 
The considered simulation setups are a fluidized bed with a quadratic base area as shown in fig. 1a and a 90° pipe 
bend shown in fig. 1b. In the fluidized bed a gaseous fluidizing agent is passed into the vessel from the bottom. The 
base area of the fluidized bed is 0.11 m x 0.11 m - its total height is 0.41 m. 4500 particles are placed within the 
vessel and settle under gravity to form a 0.11 m thick layer. As particles shapes, spheres (d=7 mm), cylinders  
(d=6 mm, l=6 mm), cuboids (l=6 mm, w=6 mm, h=5 mm) and plates (l=2 mm, w=9 mm, h=10 mm) are applied 
which are all of equivalent volume. The particles have a density of 1380 kg/m3. The coefficients of restitution are 
given as nPPe =0.913 and 
n
PWe =0.88. The friction coefficients are determined as CPPμ = 0.12 and CPWμ = 0.19. The gas 
velocity at the inlet of the fluidized bed is 3 m/s. The fluid density is constant with ߩ௙ ൌ ͳǤʹʹͷ݇݃Ȁ݉ଷ and the dy-
namic viscosity is 1.79E-5 N/sm-2. The simulations are performed for t=10 s. 
In pneumatic conveying a 90° pipe bend is considered. The particles are charged equally distributed with an initial 
velocity of v=7 m/s at a mass flow rate of 31.1 kg/m²s in the horizontal section of the pipe. The considered particle 
shapes are spheres (d=2.8 mm), cylinders (d=2 mm, l=3.76 mm), plates with a quadratic base (l=3.39 mm,  
w=3.39 mm, h=1 mm) and cubes (l=w=h=2.26 mm). Again all shapes are volume equivalent. The fluid velocity at 
the inlet is 11.9 m/s. Particles and fluid exit the pipe after the bend in the vertical section. The pipe has a diameter of 
d=0.05 m. The horizontal section has a length of lh =0.5 m; the vertical section has a length of lv =1 m. The radius of 
the bend is set to r=0.05 m. The particles have a density of 1123 kg/m3. The coefficients of restitution are given as  
n
PPe =0.3 and 
n
PWe =0.3. The friction coefficients are determined as CPPμ =0.3 and CPWμ =0.3. The fluid density is calcu-
lated through the ideal-gas law and the dynamic viscosity is set to 1.79E-05 N/sm-2. The simulations are performed 
for t=3 s. 
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Fig. 1: Schematic diagram of the simulation setup: a) fluidized bed and b) pipe bend 
 
The degree of mixing is evaluated based on the local state of homogeneity of a number of samples in which par-
ticles are colored by two distinct colors. Initially 50% of the particles are of the first color; 50 % of the second color. 
Particles are charged in two layers with particles of type 2 (colored in blue) placed atop particles of type 1 (colored 
in red) for the fluidized bed (comp. fig. 1a). For pneumatic conveying particles are colored at the inlet. Particles 
placed above the pipe midpoint are of type 2 (colored in blue) and below the pipe midpoint of type 1 (colored in red). 
The normalized variance is used to classify the mixing quality known as the Lacey mixing index  
 
ܯ ൌ ͳ െ ௦మି௦ೝమ௦బమି௦ೝమ, (12) 
 
where ݏ଴ଶ represents the completely unmixed and ݏ௥ଶ the stochastically mixed state.  
4. Results and discussion 
4.1. Fluidized Bed 
The influence of the particle shape on mixing in the fluidized bed setup is considered in the first investigation for 
spheres, cylinders, plates and cuboids which are all volume equivalent. Snapshots of the mixing process over time 
are shown in fig. 2. It can be seen, that in all cases particles are separated into two vertical layers at t=0 s. Depending 
on the particle shape the initial bed height varies; spheres lead to the smallest initial bed height. During fluidization 
the bed expansion varies depending on the particle shape; particles with a larger cross sectional area (cylinders, 
cubes and plates) exhibit larger bed expansions. The mixing progresses continuously over time for spheres and cyl-
inders. Opposite to that cuboids and plates exhibit unmixed areas in the vicinity close to the walls. Therefore, visual-
ly no progress in mixing is observed between t=5 s and t=10 s for both particle shapes. From these visual impres-
sions it can be concluded that the blockiness of particles can have a strong impact on the ability to mix due to struc-
ture formation processes in the particle system.  
 
a) b) 
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Fig. 2: Snapshots of the mixing process in the fluidized bed at t=0 s (left), t=5 s (middle) and t=10 s (right) for spheres, cylinders, plates and 
cuboids. 
 
Quantitative results on the mixing are outlined in fig. 3 based on the mixing index (fig. 3a) and based on the av-
eraged heights of the particles by color (fig. 3b). Results indicate that up to a time of t=2 s, the most intense mixing 
occurs for plates followed by cylinders, cuboids and spheres. After a time of t=2 s only cylinders and spheres con-
tinue to mix significantly. The plate like particles obtain final values of M=0.95-0.99 where the cuboids obtain val-
ues of only M=0.85. The mixing of spheres is slower compared to non-spherical shapes, but more complete as for 
cuboids and plates. Cylinders are the only shape which are fully mixed after t=10 s with a degree of mixing of M=1. 
982   Tobias Oschmann et al. /  Procedia Engineering  102 ( 2015 )  976 – 985 
The reason for the accelerated mixing of the non-spherical shapes in the first seconds of the mixing process is given 
through the averaged particle heights which are larger for the non-spherical shapes, see fig. 3b.  
In the fluidized state the total bed heights of the cylinders are in average larger than the corresponding heights of 
cuboids and spheres. For a fully mixed system such as the cylinder case the averaged heights of both particle types 
are identical. Cuboids with the lowest degree of mixing have the largest deviation in height between the two differ-
ently colored particle types.  
 
  
Fig. 3: (a) Degree of mixing M and (b) averaged heights by color plotted against time for spheres, cylinders, plates and cuboids. 
4.2. Pipe bend 
In the second investigation the mixing within a 90° pipe bend is investigated. All particle shapes obtain a quasi-
stationary distribution in the bend after a simulation time of t=1 s, see fig. 4. 
 
    
    
Fig. 4: Snapshots of the mixing process in the pipe bend at t=1s for spheres, cylinders, plates and cubes. 
 
Therefore, instead of quantifying the mixing over time the mixing is evaluated over the dimensionless pipe length 
(comp. fig. 5, with ltotal=1.61 m). In the horizontal pipe section particles slowly settle to the ground due to gravity 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 2 4 6 8 10
De
gr
ee
 o
f m
ix
in
g 
Time in s 
Cuboids Cylinders Plates Spheres
0.03
0.05
0.07
0.09
0.11
0.13
0.15
0 2 4 6 8 10
Av
er
ag
e 
he
ig
ht
 in
 m
 
Time in s 
Cuboids type 1 Cuboids type 2
Cylinders type 1 Cylinders type 2
Plates type 1 Plates type 2
Spheres type 1 Spheres type 2
a) b) 
983 Tobias Oschmann et al. /  Procedia Engineering  102 ( 2015 )  976 – 985 
while being pneumatically conveyed resulting in overall parabolic particle trajectories. When particles pass the bend 
they get compacted due to inertia and a rope forms. Due to strong particle/particle and particle/wall interactions in 
the bend the initially unmixed blue and red colored particles get instantaneously mixed. Beginning with the bend 
exit the rope starts to disperse in the vertical pipe section and the particles leave the pipe in a mixed state (comp.  
fig. 4).  
Depending on the particle shape, differences form out for the location where particles first contact the pipe walls 
in the horizontal pipe section and for the rate at which the rope disperses. As spheres have a smaller cross sectional 
area compared to the non-spherical shapes, they are less accelerated by the surrounding fluid (vfluid=11.9 m/s) and 
therefore impact the pipe walls earlier. On the other hand, a rope consisting of spheres or cylinders disperses at a 
faster rate than one consisting out of cuboidal shapes (see fig. 4). These characteristics influence the mixing as out-
lined in fig. 5; the bend is situated at l/ltotal=0.36.  
Initially the degree of mixing ranges between M=0.78-0.8 for all shapes in the horizontal pipe section. Spheres, 
the particle shape with the first particle/wall contacts, achieve the highest degree of mixing in the horizontal pipe 
section. After passing the bend, the simulation results for M of spheres, cuboids, cubes and cylinders increase up to 
M=0.97-0.99. Observable differences are a result of the varying dispersion rates in the vertical pipe section. Spheres 
which are already fully dispersed at the pipe outlet obtain the largest values for M close to 1.0.  
 
 
Fig. 5: Degree of mixing M plotted over the dimensionless pipe length for pneumatic conveying.  
5. Conclusions 
A numerical investigation of the influences of different shapes on mixing in a model type fluidized bed and dur-
ing pneumatic conveying is performed based on the three dimensional Discrete Element Method (DEM) in combi-
nation with computational fluid dynamics (CFD). To quantify the mixing behavior, the degree of mixing is estimat-
ed over time for the fluidized bed and over the pipe length for the quasi-stationary pneumatic conveying system. 
Mixing is evaluated qualitatively through snapshots taken over time and quantitatively through the degree of mixing 
based on the Lacey-index.  
 
In case of the fluidized bed the following conclusions can be drawn: 
 
x Spheres show the slowest mixing over time but obtain higher final values for the degree of mixing than 
cuboids and plates. 
x After 10 s only cylinders are fully mixed (M=1.0) and their average heights by color are equal.  
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x For cuboids and plates regions can be identified in which particles close to the walls are hindered in 
their motion. This behavior influences the progression of the degree of mixing M. 
x Particle heights and deviations in the heights by color also affect the degree of mixing.  
 
For the pipe bend the most important aspects are: 
 
x Mixing over the pipe length is influenced by initial particle/wall contacts, rope formation and dispersion. 
x Due to the fastest formation of particle/pipe contacts, spheres hold the highest value for the degree of 
mixing before the bend. 
x Mixing of cubes and plates with delayed rope dispersion stagnates in the vertical pipe section, initially. 
 
In both setups considered, particle shape strongly influences the mixing behavior. Therefore complex shaped par-
ticles should be always considered in the context of mixing and particle-fluid coupling in case that the investigated 
system comprises of such particles. 
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